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Abstract 

In this paper the well-known Dubrovin-Novikov problem posed as long ago 
as 1984 in connection with the Hamiltonian theory of systems of hydrodynamic 
type, namely, the classification problem for multidimensional Poisson brackets 
of hydrodynamic type, is solved. In contrast to the one-dimensional case, in 
the general case, a nondegenerate multidimensional Poisson bracket of hydro- 
dynamic type cannot be reduced to a constant form by a local change of coordi- 
nates. Generally speaking, such a Poisson bracket is generated by a nontrivial 
special infinite-dimensional Lie algebra. In this paper we obtain a classification 
of all nonsingular nondegenerate multidimensional Poisson brackets of hydro- 
dynamic type for any number N of components and for any dimension n by 
differential-geometric methods. A key role in the solution of this problem was 
played by the theory of compatible metrics that had been earlier constructed 
by the present author. 
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1 Introduction 

In this paper the well-known Dubrovin-Novikov problem is solved. This is the prob- 
lem, posed as long ago as 1984 in [1], of the classification of multidimensional Poisson 
brackets of hydrodynamic type, i.e., field-theoretic Poisson brackets of the form 

n 

{u\x),u^{y)} = J2 {9'^''{u{x))5^{x -y) + l/^''{u{x))u'MS{x - y)) , (1.1) 

a=l 

where u = {u^, . . . ,u^) are local coordinates on a certain smooth A^-dimensional 
manifold M or in a domain of R^; x = {x^, . . . , x"), y = {y^, . . . , y"^) are independent 
variables; the coefficients g^^°'{u), l)'l^{u) are smooth functions of the local coordinates 
{v} , . . . ,u^), I < i,j,k < N, 1 < a < n; u{x) = {u^ (x) , . . . , u'^ (x)) are smooth 
functions (A^-component fields) of n independent variables x^, . . . , x" with values in 
the manifold M; u^(x) = du^/dx°'] and 6{x) is the Dirac delta-function, 6a{x — y) = 
dS{x — y)/dx°'. 

The condition of skew-symmetry and the Jacobi identity for a Poisson bracket of 
the form (11. ip impose very severe restrictions on the coefficients g^^°'{u) and b^^°'{u) 
(we shall talk about these restrictions below). 

The general class of Poisson brackets of the form (11.11) was introduced by B.A.Dub- 
rovin and S.P.Novikov in [2] (the one- dimensional case n = 1) and pQ (the multidi- 
mensional case of arbitrary n) in connection with the Hamiltonian theory of systems 
of hydrodynamic type, and such Poisson brackets are also called by multidimensional 
Dubrovin-Novikov brackets. The very natural differential-geometric Hamiltonian ap- 
proach to systems of hydrodynamic type, i.e., evolution systems of homogeneous quasi- 
linear equations with partial derivatives of the first order, proposed in [T] and [2], is 
connected with the general class of Poisson brackets of the form fll.ll) . 
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If det{g^^°'{u)) 7^ for all a, then the bracket fll.ll) is called nondegenerate. The 
one-dimensional nondegenerate Poisson brackets of hydrodynamic type were com- 
pletely classified by B.A.Dubrovin and S.P.Novikov in 1983 in [2j, where they proved 
that each such Poisson bracket can be reduced to a constant form by a local change 
of coordinates and can be characterized by a unique invariant, namely, by signature 
of the metric of the bracket. 

Afterwards this Hamiltonian approach led to the creation of the remarkable and 
very fruitful theory of integrable one- dimensional systems of hydrodynamic type (see 
[3] , [1] ) , and at present one can consider that the Hamiltonian and integrability prop- 
erties of one- dimensional systems of hydrodynamic type are well studied (although in 
the one-dimensional case also many very important problems remain still unsolved). 

However, the case of multidimensional systems of hydrodynamic type is consider- 
ably more complicated and, in fact, has not been studied as yet from the viewpoint 
of the general Hamiltonian and integrability properties (see [5|). In the multidimen- 
sional case, very serious problems arise already under studying the simplest natural 
invariant class of suitable local Hamiltonian structures fll.ll) . 

In pp B.A.Dubrovin and S.P.Novikov posed the classification problem for non- 
degenerate multidimensional Poisson brackets of the form fll.ll) and they showed 
therewith that for the multidimensional brackets, in contrast to one-dimensional, the 
statement on reducing to a constant form by a local change of coordinates is definitely 
not true, since, in particular, the two-dimensional nondegenerate Poisson bracket of 
hydrodynamic type, generated by the Lie algebra of vector fields on the plane and 
related to the two-dimensional Euler hydrodynamics, cannot be reduced to a constant 
form by a local change of coordinates (there are nonzero tensor obstructions in this 
case). In the same paper [Tj B.A.Dubrovin and S.P.Novikov undertook an unsuccess- 
ful attempt to obtain a classification of these brackets in the case = 1 and in the 
first nontrivial case n = N = 2 {it was shown in [6J by the author of the present paper 
that these results in the paper pLj were erroneous). 

A complete classification of all one-component (A^ = 1, n arbitrary) and all non- 
degenerate two-component (A^ = 2, n arbitrary) Poisson brackets of the form fll.ll) 
was obtained by the present author in [6J, where a complete classification was also 
obtained for 1 < A^ < 4, for which it was necessary to develop powerful algebraic 
machinery, but all attempts to solve the problem for an arbitrary number A^ of com- 
ponents by algebraic methods have so far been unsuccessful. 

In the general nondegenerate multidimensional Poisson bracket of hydro- 

dynamic type cannot be reduced to a constant form by a local change of coordinates, 
in contrast to the one-dimensional case, but according to results of B.A.Dubrovin and 
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S.P.Novikov p!], and also the present author [B], for any such Poisson bracket, there 
always exist special local coordinates such that the bracket is linear with respect to 
the fields (generally speaking, linear nonhomogeneous) . 

Multidimensional Poisson brackets of hydrodynamic type that are linear with 
respect to the fields are generated by special infinite-dimensional Lie algebras [Lie 
algebras of hydrodynamic type) and special 2-cocycles on these infinite-dimensional Lie 
algebras (for nonhomogeneous linear brackets). A classification of these Lie algebras 
for n > 2 was obtained for the cases 1 < iV < 4 by the author of the present paper 
in [6j. (One-dimensional Dubrovin-Novikov brackets that are linear with respect to 
the fields and algebraic structures related to them were studied in [7j.) 

The classification problem for multidimensional nondegenerate Poisson brackets 
of hydrodynamic type, for an arbitrary number of components, was absolutely inac- 
cessible and inapproachable up to now. In this paper we obtain a classification of all 
nonsingular nondegenerate multidimensional Poisson brackets of the form (11.11) (in 
any case, for the situation of brackets of the form (11.11) in general position) for arbi- 
trary number of components and for arbitrary n by differential-geometric methods. 
A key role in the solution of this problem was played by the theory of compatible 
metrics constructed by the present author in [S]. 

2 Multidimensional homogeneous brackets of 
the first order and Dubrovin-Novikov brackets 

The requirement of bilinearity and the fulfilment of the Leibniz identity for a bracket 
of the form (11.11) . i.e., an arbitrary multidimensional homogeneous bracket of the first 
order, is equivalent to the condition that on arbitrary functionals I and J on the 
space of fields u{x) the bracket has the form 



where d/dx'^ is the total derivative with respect to the independent variable x". 



a=l \ / \ / 



6u^{x) 



d^'x 



(2.1) 
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where summation over repeating upper and lower indices is assumed, moreover, in 
this case the summation over . . . , /J^ is taken over distinct (up to arbitrary permu- 
tations) sets of these indices (one can consider that these sets of indices are ordered: 
/3i<---</3s). 

The class of brackets of the form (12. ip is invariant with respect to local changes 
of coordinates {u^, . . . ,u^). Here for each a the coefficients g'^^°'{u) and h^l"^{u) of 
the brackets are transformed as differential-geometric objects. For any bracket of the 
form (12. ip the coefficient g'^^°'{u) for each a is a contravariant two-valent tensor on 
the manifold M. For any nondegenerate bracket of the form (12. ip and for each a 
we can introduce coefficients V^^{u) by the formulae V'l^iu) = —g2s{u)V^"{u), where 
g'lsi'^) is a covariant two-valent tensor inverse to the tensor g^^°'{u), g^-^°'{u)g'^f.{u) = 61. 
Here for any nondegenerate bracket of the form (12. ip and for each a the coefficients 
rl'^{u) are transformed as the coefficients of an affine connection on the manifold M. 
Thus a nondegenerate bracket of the form (12.11) is given by n arbitrary nondegenerate 
contravariant two-valent tensors g^^°'{u), 1 < a < n, and n arbitrary affine connections 
r-J^(M), 1 < a < n, on the manifold M. 

Note that among brackets of the form (12. ip there are, in particular, very simple, 
but very important brackets that do not depend on the fields u{x) at all, namely, 
constant brackets {brackets of a constant form). All such brackets are given by the 
conditions g^^°'{u) = const, b^^^lu) = 0. The problem, which we solve in this paper, 
is to find what the simplest canonical forms can be reduced Poisson brackets of the 
form (12. ip by local changes of coordinates to. 

First of all, we shall show the general relations on the coefficients of Poisson 
brackets of the form (12. ID [9j. 

Theorem 2.1 [9J. A bracket (12. ip is a Poisson bracket, i.e., is skew- symmetric and 
satisfies the Jacobi identity, if and only if the following relations for the coefficients 
of the bracket are fulfilled: 

gija ^ gjia^ ^2.3) 

i^F = bT + (2.4) 

J2 {9"""K'^ - g'^%"'') = 0, (2.5) 

(«,/3) 

ia^'^^s'^ - 9''%''") = 0, (2.6) 
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(2.7) 
(2.8) 




^ ^ + v^v:^ - K'^K'^ 



+ 




+ 



sra _ -jjirp-jjSja 



+ 



0. 



(2.9) 



Relations (12. 3p and (12. 4p are equivalent to the skew-symmetry of a bracket (12. ip . and 
relations (12.50 - 02.90 are equivalent to the fulfilment of the Jacobi identity for a skew- 
symmetric bracket of the form (12. ip . 

We do not assume nondegeneracy of brackets and do not impose any additional 
conditions on the coefficients of brackets (12.10 in Theorem 12.11 Moreover, this theorem 
remains true for the important case (for example, in the theory of nonlinear chains), 
when the indices run an infinite set of values (for example, the sets of all integer or 
natural numbers) and any function under consideration (i.e., all the coefficients of 
brackets) depends on an arbitrary, but finite, number of the variables (in the one- 
dimensional similar observation was made by I.Dorfman in [10]). The signs 
^^^^^ and ^(jj-fc) mean summations over all cyclic permutations of the indicated 
indices, i.e., in the given case, the indices {a, (3) and (i, j, k) respectively. In the one- 
dimensional case the general relations on the coefficients of the Poisson brackets of 
hydrodynamic type (without the assumption of nondegeneracy) were shown in jllj , 
where there is an error in the formulae, corrected in p!2] under construction of the 
nonlocal generalization of the one-dimensional Dubrovin-Novikov brackets. 

In particular, the following important lemma immediately follows from the rela- 
tions of Theorem 12. 1[ 
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Lemma 2.1 For each multidimensional Poisson bracket of the form f l2.1l) and for 
each a the corresponding summand on the right-hand side of the formula (12.1 p is a 
one- dimensional Poisson bracket of hydrodynamic type, i.e., each multidimensional 
Poisson bracket of the form (12. ip is always the sum of one- dimensional Poisson brack- 
ets with respect to each of the independent variables x". 

Besides, in the multidimensional case, for n > 2, the relations of Theorem 12.11 
impose additional nontrivial restrictions on the coefficients of these one-dimensional 
Poisson brackets. 

First of all, let us consider the relations (I2.3p - (l2.9p in the one-dimensional case 
(for n = 1). It is obvious that in the one- dimensional case the relation (12.60 fol- 
lows from the relation (12. 5p and, moreover, in this case the relation (12. 8p follows 
from the relations (12. 7p . (12.50 and (12.40 . In the nondegenerate one-dimensional case 
(det(5'*-'"(M)) 7^ 0, X = x") we have: the relation (12. 3p gives the condition that a non- 
degenerate tensor g^^°' is symmetric, i.e., g^^" is a Riemannian or pseudo-Riemannian 
contravariant metric on the manifold M; the relation (12.40 means that the connection 
rfj* = ~9?s^j'"^ is compatible with the metric g^^"', i.e., the corresponding covariant 
derivative of the metric is equal to zero; the relation (12.50 is equivalent to the condi- 
tion that the connection T^^ is symmetric, i.e., T^^ = F*^"; the relation (12.70 means 
exactly that the connection is flat, i.e., the Riemannian curvature tensor vanishes; the 
relation (12. 9p for a = f3 and for a nondegenerate metric g^^°' follows from the relations 
(1231) and ([22D. 

This proves the Dubrovin-Novikov theorem |2]: an arbitrary nondegenerate one- 
dimensional Poisson bracket of hydrodynamic type is uniquely determined by an 
arbitrary flat metric g'^^{u) and is reduced to a constant form in any fiat coordinates 
of this metric, and T^j{u) = —gis{u)bj^{u) is the Levi-Civita connection generated by 
the metric g^^{u). 

Thus, by virtue of Lemma 12.11 and the Dubrovin-Novikov theorem for nondegen- 
erate one-dimensional Poisson brackets of the form (II. ip p], all the tensors g'^^°'{u) 
are fiat metrics (metrics of zero Riemannian curvature), and each the correspond- 
ing affine connection F-^^(-u) is compatible with the respective metric g^^^lu) and has 
zero torsion and zero Riemannian curvature, i.e., the affine connection F-^^('u) is the 
Levi-Civita connection and is uniquely determined by the fiat metric g'^^°'{u). 

Hence, each nondegenerate Poisson bracket of the form (12.10 is uniquely deter- 
mined by the flat metrics g'^^°'{u), which are connected by additional severe restrictions 
in the multidimensional case, and our problem is reduced to a classification of the 
admissible sets of the flat metrics g'^^°'{u), 1 < a < n. 
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3 Tensor obstructions and tensor relations 



Let us consider an arbitrary nondegenerate multidimensional Poisson bracket of the 
form (12. ip and introduce the tensors T*^^('u) = r*^(M) — ^^liu) defined for each pair 

of distinct indices a and /3. The tensors Tj'^^{u) are obstructions for reducing non- 
degenerate multidimensional Poisson brackets of the form (12.11) to constant brackets, 
i.e., an arbitrary nondegenerate Poisson bracket of the form (12.11) can be reduced to 
a constant bracket by a local change of coordinates if and only if all the obstruction 
tensors TJ^^(m) are identically equal to zero. 

Indeed, if even one of these tensors is not equal to zero identically, then the Poisson 
bracket cannot be reduced to a constant form by a local change of coordinates, since 
for any constant bracket the coefficients of all the connections ^p,{u) are equal to zero 

identically, and, consequently, in these coordinates all the tensors T^*^^(u) should be 
equal to zero identically. The converse statement is also obvious. Indeed, if all the 
tensors TJ^^(m) are equal to zero identically, then all the connections T^Jl{u) are equal 
one to another and, consequently, all of them are equal to zero in any flat coordinates 
of the metric g^^^{u), and all the metrics of the bracket are necessarily constant in 
these coordinates by virtue of compatibility of the metrics with the corresponding 
connections. 

The following theorem gives a complete set of tensor relations deflning the class 
of nondegenerate Poisson brackets of the form (12.11) . 

Theorem 3.1 [6j. Flat nondegenerate metrics define a multidimensional 

Poisson bracket of the form (12.11) if and only if the following relations are fulfilled: 

= T''^i^'^{u), (3.1) 
J2 T^'"^'^{u) = 0, (3.2) 

r^^'-P(u)T:f{u) = r'-^°^(M)Ti°^(M), (3.3) 

yayijW^^) = 0, (3.4) 

where T.f{u) = T%{u) - Tf^^{u), T^^^^^u) = g^'P{u)g''''{u)T^f{u), the sign T.{i,,,k) 
means summation over all cyclic permutations of indices {i,j, k), V" is the covariant 
derivative given by the connection r*^(M), and V^fKu) is the Levi-Civita connection 
generated by the metric g^^°'{u). 
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The relations fl3.ll) and fl3.3p were found by B.A.Dubrovin and S.P.Novikov in 
[Ij. It was proved by the present author in [6j that this set of tensor relations is not 
complete, and the complete system of tensor relations fl3.1l) - fl3.4p for nondegenerate 
Poisson brackets of the form (12 .ip was obtained The relations (13 .20 and (13.41) 
are very essential and play an important role under classifying the multidimensional 
Poisson brackets of hydrodynamic type. 

If all the metrics g^^°' are nondegenerate, then we obtain from Theorem 12.11 that 
for a 7^ /? the condition (12. 5p gives the relation (13. ip for the obstruction tensors; the 
condition (12.60 is equivalent to the relation (13. 2p : the condition (12.70 is equivalent to 
the relation (13. 3p : the condition (12. 8p is equivalent to the relation (13. 4p : the condition 
(12.91) for nondegenerate metrics is a direct consequence of the relations (I2.3p - (I2.8I) 
(this is not true in the general case and so the condition (12. 9p is essential in the case 
of degenerate metrics). 

It is not complicated to obtain a complete classification of all one-component 
(degenerate and nondegenerate) Poisson brackets of the form (12. ip . Let us prove 
that for = 1 and arbitrary n all the obstruction tensors are identically equal to 
zero. Indeed, in the one-component case the relations (12.31) . (12.51) . (12. 7p and (12. 9p are 
automatically fulfilled, the relation (12. 4p gives dg°'/du = 26"(m), from the relation 
(12. 6p we obtain that g"{u)h^{u) = g^{u)h"{u), and the relation (12. 8p follows from 
(12. 4p and (12.60 . Thus in the one-component case for any n and for any indices a 
and 13 we have V^iu) = -h'^iu) / g'^iu) = -b^^ (u) / g^^ (u) = -{1/ {2g'^{u)))dg'' / du = 
— {l/(2g^{u)))dg^/du = r^{u), i.e., g"{u) = d^g{u), where g{u) is an arbitrary 
nonzero function, and are arbitrary nonzero constants. Hence, all the obstruction 
tensors T"^(m) = r^{u) — r"(u) are identically equal to zero, and each multidimen- 
sional one-component Poisson bracket of the form (12.10 is reduced to a constant form 
by a local change of the unique coordinate u = (in the degenerate case, i.e., if 
g"'{u) = 0, then also 6"(m) = by virtue of the relation (I2.4p ). Hence, we obtain a 
complete classification of all one-component (degenerate and nondegenerate) Poisson 
brackets of the form (12.10 . 

4 Linear Poisson brackets of hydrodynamic type, 
infinite-dimensional Lie algebras, Frobenius and 
quasi-Frobenius algebras 

Each fiat metric g^^°'{u) can be reduced to a constant form by a local change of 
coordinates. Let us reduce one of the metrics (for definiteness, we reduce the first 



9 



one) of an arbitrary nondegenerate Poisson bracket of the form fl2.1l) to a constant 
form. 

Theorem 4.1 If for a nondegenerate multidimensional Poisson bracket of the form 
f l2.ip we have g^^^ = const, then either this Poisson bracket is constant in these local 
coordinates, or it has nonzero obstruction tensors, i.e., this Poisson bracket cannot 
be reduced to a constant form by local changes of coordinates at all. 

Indeed, if in the given coordinates F*^ = for all a, then b^^" = for all a and the 
Poisson bracket is constant by virtue of the relation (12.41) . But if for a certain a not 
all of the coefficients of the connection TJl are equal to zero, then also the obstruction 
tensor Tj^", which coincides in the given local coordinates with P*^, is not equal to 
zero, and, consequently, this Poisson bracket cannot be reduced to a constant form 
by local changes of coordinates. 

The following important theorem is a simple consequence of Theorem 13. 1[ 

Theorem 4.2 [1], [6]. If g^^^ = const for a nondegenerate multidimensional Poisson 
bracket of the form (12. ip . then all the other metrics are linear with respect to the local 
coordinates u^, and the Poisson bracket is linear with respect to the fields u{x): 

gi:i^{u) = {h'l'' + 6^)^'= + gi^"", b]^" = const, = const, 2 < a < n. 

Let the metric g^^^ be constant. Then in these local coordinates we have P*4 = 0. 
It follows from the relation (13. 4p that in these coordinates T*-''^^" = const for all a. Let 
us prove that all the coefficients b^^°' are also constant in these coordinates. Indeed, 
we have 

&r = -a'^'r'J'k = -a'^'n: = -a'^'^Tll" = -gk,i9'"'9''''Vl'' = -gk.iT'^''"' = const. 

Here, we have used the fact that all the connections TJl are symmetric. Then the 
linearity of all the metrics in these local coordinates and the linearity of the bracket 
with respect to the fields follows from the relation (12. 4p . 

For > 3 Theorem 14.21 was proved by B.A.Dubrovin and S.P.Novikov in [Ij. The 
study of the cases N = 1 and iV = 2 in pQ is erroneous, since the study is based on 
an incomplete set of relations for the obstruction tensors, which is obtained in p,] and 
which is insufficient in order to guarantee that the bracket (12. ip is a Poisson bracket. 
In the complete form Theorem 14.21 was proved by the present author in [6] . 

Let us recall here very briefly, in a necessary for us form, a general scheme (see 
also \131) that goes back to Sophus Lie and concerns interconnections between Lie 
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algebras and Poisson structures whose coefficients depend linearly (possibly, nonho- 
mogeneously) on coordinates (the Lie-Poisson brackets). 

For the general infinite-dimensional case we shall describe special infinite-dimen- 
sional Lie algebras corresponding to arbitrary Poisson structures whose coefficients 
depend linearly (possibly, nonhomogeneously) on the field variables u*(x) and their 
derivatives m*^^-,, (k) = (fci, . . . , fc„), where u'^^^ = d^''^u^ / {d{x^)'''^ ■ ■ ■ d{x'^)''"') , \k\ = 
^1 H \-kn- 

An operator M*-' determining a Poisson bracket (a Poisson structure) 

is called Hamiltonian. 

Consider arbitrary Hamiltonian operators given by differential operators whose 
coefficients depend linearly (generally speaking, nonhomogeneously) on the field vari- 
ables M*(x) and their derivatives, i.e., Hamiltonian operators of the form 

M^j = iaf^^^^^^l^. + , , , (4.2) 

where aj'^''^^^^ and are constants. 

Consider the infinite-dimensional space S of sequences (^i, . . . , ,^jv), where ^.j G 
C°°{T^) are smooth functions on an ra-dimensional torus. Then if ^ and rj belong to 
the space S, we have 

(e,M(r/))=/ ^,M^^r]jrx= [ u%,r,],<rx+f i,U^'^%^,)<rx. (4.3) 

Jrpn Jt" JT" 

Thus on the space S a bilinear operation [■,■], 
and a bilinear form 

^i^,v)= [ (4.5) 

are defined. 

An arbitrary operator M*-' of the form (14.21) is skew-symmetric if and only if the 
corresponding bilinear operation (14. 4p and bilinear form (14.51) are skew-symmetric on 
the space S, i.e., [^,t]] = -[r/,^] and u;(^,?7) = -uj{t],^). 
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An arbitrary operator M*-^ of the form fl4.2l) is Hamiltonian if and only if the 
corresponding space S" is a Lie algebra with respect to the corresponding bilinear 
operation fl4.4p . i.e., this bilinear operation is skew-symmetric and satisfies the Jacobi 
identity [r/, CJl + f'?; [C; ^]] + [C! v\] = 0; ^ind, in addition, the corresponding bilinear 
form (14. 5 p is a 2-cocycle on this Lie algebra, i.e., this bilinear form is skew-symmetric 
and satisfies the closedness identity 

(rfcu)(e, r^, C) = r/], C) + u{[r^. C], + ^([C, ilv) = 0- (4.6) 

Note that a 2-cocycle C(j(^, 77) defined by a Hamiltonian operator of the form (14.21) 
is cohomologous to zero, i.e., uj{^,ri) = {df){^,ri) = /([^,?7]), where / is a 1-form 
on the Lie algebra S, if and only if this 2-cocycle can be annihilated by a shift of 
the field variables 1— > — d, where c' are arbitrary constants, i.e., provided that 

Lemma 4.1 A multidimensional Poisson bracket of the form (I2.ip is linear {possibly, 
nonhomogeneously) with respect to the fields u{x) if and only if 

gi^-{u) = iI/r + K'"V + 9r, &r = const, (7^ = const, 1 < a < n, (4.7) 

here the constants 6^"'" and Qq"' satisfy nontrivial quadratic relations following from the 
relations (I2.3p - (l2.9p of Theorem Yl.W and define n compatible algebras B"^ , 1 < a < n, 
of Frobenius and quasi- Frobenius type with ctructural constants fe^-'" and symmetric bi- 
linear forms Qq"' on these algebras {one can consider that there is one N -dimensional 
algebra with the basis e^,...,e^ furnished with n compatible multiplications and n 
symmetric bilinear forms, e* o = Ui°'e^, {e^,e?)a = do"', 1 < a < n). To each 
multidimensional Poisson bracket of the form (12. ip that is linear [possibly, nonhomo- 
geneously) with respect to the fields u{x) it corresponds an infinite- dimensional Lie 
algebra of a special type with a 2-cocycle of a special type on it (a Lie algebra of 
hydrodynamic type): 

[^,V]k = l^riiV^U-VA^^)al (4.8) 

6f= const, e = (ei,...,e^), U^)eC\T^), (4.9) 
^{^,V) = j 9o"iVj{^))a^iix)d''x, 90°= const. (4.10) 

The classification of multidimensional Poisson brackets of the form (12. ip that are 
linear (possibly, nonhomogeneously) with respect to the fields u{x) and the classi- 
fication of related to them infinite-dimensional Lie algebras, admissible 2-co cycles 
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on these Lie algebras, and also algebras 1 < a < n, of Frobenius and quasi- 
Frobenius type generating the brackets is a separate important problem, which is far 
from a complete solution for now. 

In the one-dimensional case, this problem was solved by A.A.Balinsky and S.P.No- 
vikov in [7], where, as is important to note, was discovered its connection with the 
theory of Frobenius and quasi-Frobenius algebras, although in the one-dimensional 
case also many questions remained unsolved. 

In the multidimensional case for n > 2 this problem was studied by the present 
author in [6], where the theory of the corresponding algebras was developed and 
complete classification results were obtained for the cases, when the number of com- 
ponents is not more than 4. The results on this problem and, in particular, on the 
theory of the corresponding quasi-Frobenius algebras will be published in a separate 
paper. 

Theorem 4.3 Each nondegenerate multidimensional Poisson bracket of the form 
(12.11) is defined by a certain infinite- dimensional Lie algebra of the form (14.81) . (14.91) 
with a certain 2-cocycle of the form (I4.10p on this Lie algebra for which 

6f = 0, det((6r + 6inM'= + (/r) 7^0, l<a<n. (4.11) 

Theorem 14.31 immediately follows from Theorem 14.21 and Lemma 14.11 The theory 
of infinite-dimensional Lie algebras of hydrodynamic type (14.81) . (14.91) . (14.101) and 
algebras with (and also without) the additional conditions (14. lip was developed 
by the present author in [6], where complete classification results were obtained for 
the cases, when the number of components is not more than 4. 

Example 4.1 A Poisson bracket generated by the Lie algebra of vector fields on an 
n-dimensional torus T". 

In this case N = n. The commutator of vector fields ^ and rj has the form 

[e,^u = e.^-^.^, (4-12) 

where ^ = {ii{x), . . .,in{x)), V = iviix), ■ ■ ■,'nn{x)), x = (x\ . . . ,x"), x G T"". 
Then for the corresponding Hamiltonian operator M*-' we obtain 
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M'^ = u'— + u^— + — = + — + , (4.14) 

dx^ dx^ ox^ dx^ 

gij'^ = + h'l'^ = 616^''. (4.15) 

It follows from the relations of Theorem 12.11 that if for a 2-cocycle on the Lie 
algebra of vector fields on T" the corresponding Poisson structure remains in the 
class of Poisson structures of hydrodynamic type (12. ip (see formulae (14.31) and (14. 5p ). 
then this 2-cocycle is cohomologous to zero. 

For n < 2 the Poisson structure (I4.14p is nondegenerate, but for n > 2 all the 
metrics in (I4.14p are degenerate. 

For n = 1 the only metric has the form g{u) = 2u, and the Hamiltonian operator 
has the form 

M = 2u-^ + u^. (4.16) 

dx 

For n = 2 both the metrics are nondegenerate and indefinite: 

- ( ) • fe'^'^) - ( ° i ) ■ ("^) 

and the Hamiltonian operator has the form 



2u^ \ d / \ d f u\ u 



The Poisson structure (14.181) cannot be reduced to a constant form by a local 
change of coordinate, since the obstruction tensor T*-''^^^ is not equal to zero identi- 
cally: 

= u' - + u'' - . (4.19) 

In particular, T^^^^^ = v}. 

This example is connected to the two-dimensional Euler hydrodynamics of ideal 
incompressible fluid (with further reduction to divergence- free vector fields). 

Theorem 4.4 |i6j. If for N = n = 2, for a nondegenerate Poisson structure of 
the form (12.11) . the obstruction tensor Tjl'^{u) is not equal to zero identically, i.e., 
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this Poisson structure cannot be reduced to a constant form by a local change of 
coordinates, then it can be reduced to a canonical form generated by the fiat metrics 

^ ( ; ) , («-^) ^ ( ) . (4.20) 

Both the metrics fl4.20p are indefinite and therefore, in particular, if one of the metrics 
of a two-dimensional two- component nondegenerate Poisson bracket of hydrodynamic 
type is positive or negative definite, then this Poisson bracket can be reduced to a 
constant form. The Poisson structure generated by the canonical flat metrics (14.201) 
is connected to the Lie algebra of vector fields on a two-dimensional torus T^. 

By virtue of Theorem 14. ![ it is obvious that the canonical Poisson structure gen- 
erated by the metrics (14.201) cannot be reduced to a constant form by local changes 
of coordinates. The obstruction tensor T^^^^"^ of this Poisson structure is not equal 
to zero: T'^''^^ = g'^'^g'^H'^H - ^1) = g'''^e'6''^Til = c/'^^VF^',^ = -5*6^ ^ = 1, 
= -1, in particular, T^^^^^ = W^'^ = 1. 

The Poisson structure 

{w'{x), w'{y)} = {w'{x)5''' + w^{x)5''') 5«(x - y) + 45^°w^(x)5(a: - y) 

generated by the Lie algebra of vector fields on a two-dimensional torus (example 
14.11) is reduced to the canonical form given by the metrics (14.201) by the following 
local quadratic change of coordinates [6]: 

^i = i((«T-(«Y), w^ = liu'+u^). (4.21) 

Each two-dimensional two-component nondegenerate Poisson structure of hydro- 
dynamic type either can be reduced to a constant form or is generated by the Lie 
algebra of vector fields on a two-dimensional torus [6] . 

For n > 2 each multidimensional two-component nondegenerate Poisson structure 
of hydrodynamic type either can be reduced to a constant form or can be reduced 
to the two-dimensional canonical Poisson bracket given by the metrics ( ]4.20p by a 
local change of coordinates and by an unimodular change of the independent space 
variables [6]. 

Note that each constant multidimensional (for an arbitrary dimension n) two- 
component Dubrovin-Novikov bracket is reduced by an unimodular change of the 
independent space variables to a constant Dubrovin-Novikov bracket whose di- 
mension is not more than 3 (but it cannot be reduced, generally speaking, to a 
two-dimensional bracket). 
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5 Compatible metrics 



Two pseudo-Riemannian contravariant metrics Qi (u) and g2 {u) are called compatible 
if for any linear combination g^^{u) = Xig^i{u) + \2g2{u) of these metrics, where 
Ai and A2 are arbitrary constants, the coefficients of the corresponding Levi-Civita 
connections and the components of the corresponding Riemannian curvature tensors 
are related by the same linear relation: T^liu) = XiT^^i^{u) + X2T2k{u), R^j^i{u) = 

Indices of the coefficients of connections and indices of the curvature tensors are 
raised and lowered by the metrics corresponding to them: r^-'(u) = g'"^ {u)Tlj^{u) , 
B^i,{u)=g-{u)RiM. 

If for any linear combination of metrics the above-mentioned relation only for the 
corresponding Levi-Civita connections is fulfilled, then the metrics are called almost 
compatible. 

The theory of compatible and almost compatible metrics is constructed by the 
present author in the paper [8j. This theory is closely connected to the theory of 
compatible Poisson brackets of hydrodynamic type (local and nonlocal), the theory 
of Frobenius manifolds and integrable systems. Recall that Poisson brackets are called 
compatible if each their linear combination is a Poisson bracket [14j . 

Theorem 5.1 [3]. All metrics g'^^°'{u), 1 < a < n, defining a multidimensional Pois- 
son bracket of the form (12.11) are mutually compatible. All one- dimensional Dubrovin- 
Novikov brackets forming a multidimensional Poisson bracket {see Lemma 12. ip are 
also mutually compatible. 

This important theorem immediately follows from the tensor relations of compat- 
ibility of metrics [S], [H]. For two arbitrary pseudo-Riemannian metrics and 
g'^^^{u) consider an analog of the obstruction tensors that were defined above for fiat 
metrics of multidimensional Dubrovin-Novikov brackets: T^'^^{u) = T^p^{u) — Vf^i^u), 
T^i^°'f^{u) = g^'^'^{u)g^^'^{u)T^^l^{u), where T^Jl{u) is the Levi-Civita connection gener- 
ated by the metric g'^^°'{u). Then we have the following theorem. 

Theorem 5.2 [2], Any two pseudo-Riemannian metrics g^^'^{u) and g^^^{u) are 
compatible if and only if the relations f l3.ip and ( 13.30 of Theorem 13.11 are fulfilled. 
Moreover, the condition of almost compatibility is equivalent to the relation (13. ip . 

Note that namely the relations (13. ip and (13.30 for fiat metrics of multidimensional 
Poisson brackets of hydrodynamic type were found by B.A.Dubrovin and S.P.Novikov 

in yy. 
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Thus the description and the classification of multidimensional Poisson brackets of 
hydrodynamic type correspond to the description and the classification of an impor- 
tant special subclass of compatible one-dimensional Poisson brackets of hydrodynamic 
type. This subclass is singled out by the additional relations (13.21) and (13. 4p . 

The problem of the description of compatible one-dimensional Poisson brackets of 
hydrodynamic type that is equivalent to the description of flat pencils of compatible 
metrics or, in other words, local quasi-Frobenius manifolds, plays an important role 
in the theory of integrable systems of hydrodynamic type, the theory of Frobenius 
manifolds, the modern differential geometry and mathematical physics (see |16]). 

The problem of the description of all nonsingular pairs of compatible fiat metrics 
was solved by the present author in [T7], [IB] (see also [15])) where were obtained the 
nonlinear equations describing all nonsingular pairs of compatible fiat metrics (these 
nonlinear equations are a nontrivial nonlinear reduction of the Lame equations defin- 
ing all the curvilinear orthogonal coordinate systems in a pseudo-Euclidean space) 
and was proved the integrability of these nonlinear equations by the inverse scatter- 
ing method, moreover, was found an explicit integration and linearization procedure, 
which reduces the integration of these nonlinear equations to the solution of linear 
problems (thus a local classification of semisimple quasi-Frobenius manifolds was also 
obtained); see also [8], where the results were announced. Afterwards for these non- 
linear equations also a Lax pair was found in [I9]. 

A pair of metrics (u) and g2 (u) is called nonsingular if all eigenvalues of this 
pair of metrics, i.e., the roots of the equation det{gi{u) — \g2{u)) = 0, are distinct 
(the situation of a pair of metrics in general position). 

Theorem 5.3 [8J. // a pair of metrics g^i{u) and g2{u) is nonsingular, then these 
metrics are compatible if and only if for the affinor Vj{u) = g\''{u)g2,sj{u) the Nijenhuis 
tensor 

dv^ Bv'^ Bif dv"" 

vanishes {here g2,sj{u) is the corresponding covariant metric, g2{u)g2,sj{u) = 6j). 

In this case, by virtue of the Nijenhuis theorem [20] there exist local coordinates 
(generally speaking, complex) in which the affinor t;*(m) is diagonal in a domain: 

Vj{u) = X\u)6j. Then, in these special local coordinates, both the metrics gi{u) and 
g^iiu) are also necessarily diagonal. Indeed, the eigenvalues A'(m), 1 < i < A^, of the 
affinor v^j{u) coincide with the eigenvalues of the pair of metrics gi{u) and 5^2"' (m) and, 
by our condition, they are distinct (the pair of metrics is nonsingular): X{u) 7^ V{u) 
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for i ^ j. Then, in the special local coordinates, in which the affinor fj(-u) is diagonal 
in a domain, we have gi{u) = X'{u)g2{u). By virtue of symmetry of metrics we 
obtain (A*(m) — {u))g2 (u) = 0, therefore if z 7^ j, then Qiiu) = g^iiu) = 0, i.e., the 
metrics are diagonal. Moreover, the following important theorem is valid: 

Theorem 5.4 [8J. // a pair of metrics gi{u) and 02 (u) is nonsingular, then these 
metrics are compatible if and only if there exist local coordinates u = {u^, . . . ,u^) 
(possibly, complex) such that g2{u) = g'^{u)5'^^ and gi{u) = f^{u^)g\u)S''^ , where 
i = 1, . . . , N, are functions of one variable (possibly, complex). 

Note here that for an arbitrary pair of metrics the condition of vanishing the 
corresponding Nijenhuis tensor is equivalent to the condition of almost compatibility 
of the metrics, but not compatibility (there are corresponding counterexamples) 

6 Classification theorem 

Theorem 6.1 If for a nondegenerate multidimensional Poisson bracket of the form 
fl2.ll) one of the metrics g'^^'^iu) forms nonsingular pairs with all the remaining metrics 
of the bracket, then this Poisson bracket can be reduced to a constant form by a local 
change of coordinates. 

Let us prove that all the obstruction tensors Tj'^^{u) are equal to zero identically. 
Without loss of generality we can consider that the metric g'^^^iu) forms nonsingular 
pairs with all the remaining metrics of the bracket. Let (3^1. By theorem 15.11 
the metrics g'^^^{u) and g^^^{u) are compatible. By Theorem 15.41 there exist local 
coordinates u = {u^, . . . ,u^) (possibly, complex) such that g'^^f^iu) = g\u)6'^^ and 
g^^^{u) = f^{u'^)g^{u)6^\ where f^{u^), i = 1,...,N, are functions of one variable 
(possibly, complex). In these local coordinates r*'^(M) = if all the indices i,j,k 

are distinct; r*f('u) = r^'^('u) = —{1/ {2g'^{u))){dg'^ / du^) for any indices i,k; ^fjiu) = 
{g'^{u) / {2{g^ {u)Y)){dg^ / du^) for i ^ j. For the obstruction tensor T^^'^^^(u) in the 
local coordinates under consideration we obtain: T^^^^l^iu) = if all the indices j, k 
are distinct; T^"^f^{u) = T'^^f^iu) = for i ^ j; T™i^(m) = {{g'{u)f /2){df'{v}) / du% 
Tmfi{u) = ((f (u*) - f^{u^))/2){dg'ldu^) for i ^ j. From the relation of 
Theorem O we obtain that T***^^ = 0, f\u^) = /i^ = const, and T'^'^^{u) = for 
i 7^ j, g^{u) = g\u^) are functions of one variable. Thus T'^^^^^{u) = for any j3. 
Since for all indices a and f3 the identity Tj^^(u) = T*].^(u) — Tjl'^{u) holds, we obtain 

that T"^^{u) = for all a and /3. 
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Thus all pairs of metrics defining Dubrovin-Novikov brackets that cannot be re- 
duced to a constant form, in particular, all nonconstant canonical pairs of metrics 
(they are connected to nontrivial Lie algebras of hydrodynamic type and nontrivial 
quasi- Frobenius algebras), are nonsingular, i.e., they have coinciding eigenvalues. In 
particular, for the unique nonconstant canonical pair of two-component metrics (14.201) 
we have: det{g'^^'^ — Xg^^^) = 0, Ai = A2 = — u^. The theory of singular nonde- 
generate multidimensional (and also all degenerate) Dubrovin-Novikov brackets and 
algebras related to them is far from completeness at present. 

Acknowledgements. I gratefully acknowledge the hospitality of Max-Planck- 
Institut fiir Mathematik in Bonn (Germany). 
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